Abstract. Some convergence theorems of modified Ishikawa and Mann iterative sequences with errors for asymptotically pseudo-contractive and asymptotically nonexpansive mappings in Banach space are obtained. The results presented in this paper improve and extend the corresponding results in Goebel
Introduction and preliminaries
Throughout this paper, we assume that E is a real Banach space, E * is the topological dual space of E, ·, · is the dual pair between E and E * , D(T ), F (T ) denote the domain of T and the set of all fixed points of T respectively and J : E → 2 E * is the normalized duality mapping defined by J(x) = {f ∈ E * : x, f = x · f , f = x }, x∈ E.
Definition 1.1. Let T : D(T ) ⊂ E → E be a mapping.
(1) T is said to be asymptotically nonexpansive if there exists a sequence {k n } in (0, ∞) with lim n→∞ k n = 1 such that
for all x, y ∈ D(T ) and n = 1, 2, . . . . (2) T is said to be asymptotically pseudo-contractive if there exists a sequence {k n } in (0, ∞) with lim n→∞ k n = 1 and for any x, y ∈ D(T ) there exists j(x − y) ∈ J(x − y) such that
The following proposition follows from Definition 1.1 immediately.
Proposition 1.1. (1) If T : D(T ) ⊂ E → E is nonexpansive, then T is an asymptotically nonexpansive mapping with a constant sequence {1}. (2) If T : D(T ) ⊂ E → E is asymptotically nonexpansive, then T is an asymptotically pseudo-contractive mapping. But the converse is not true in general.
This can be seen from the following example.
Example 1.1 ([8])
. Let E = R and D = [0, 1], and let the mapping T : D → D be defined by
for all x ∈ D. It can be proved that T is not Lipschitzian [8] , and so it is not asymptotically nonexpansive. Since T is monotonically decreasing and T • T = I, we have
This implies that T is an asymptotically pseudo-contractive mapping with a constant sequence {1}.
be a given point, and let {α n }, {β n }, {γ n } and {δ n } be four sequences in [0, 1] . Then the sequence {x n } defined by
is called the modified Ishikawa iterative sequence with errors of T , where {u n } and {v n } are two bounded sequences in D(T ).
(2) In (1.1) if β n = 0 and δ n = 0, n = 0, 1, 2, . . . , then y n = x n . The sequence {x n } defined by
is called the modified Mann iterative sequence with errors of T .
The concept of asymptotically nonexpansive mapping was introduced by Goebel and Kirk [5] in 1972, which was closely related to the theory of fixed points of mappings in Banach spaces. An early fundamental result due to Goebel and Kirk [5] showed that if E is a uniformly convex Banach space, D is a nonempty bounded closed convex subset of E and T : D → D is an asymptotically nonexpansive mapping, then T has a fixed point in D. This result is a generalization of the corresponding results in Browder [1] and Kirk [6] .
The concept of asymptotically pseudo-contractive mapping was introduced by Schu [9] in 1991.
The iterative approximation problems for nonexpansive mapping, asymptotically nonexpansive mapping and asymptotically pseudo-contractive mapping were studied extensively by Browder [1] , Goebel and Kirk [5] , Kirk [6] , Liu [7] , Rhoades [8] , Schu [9] , Xu [10, 11] and Xu and Roach [12] in the setting of Hilbert space or uniformly convex Banach spaces.
The purpose of this paper is to study the iterative approximation problems of fixed points for asymptotically pseudo-contractive mappings and asymptotically nonexpansive mappings in uniformly smooth Banach spaces by using a new iterative technique. The results presented in this paper extend and improve the main results in [3] - [7] , [9] , and the methods of proof given in this paper are also quite different.
The following lemmas play an important role in this paper.
Lemma 1.1 ([2])
. Let E be a real Banach space and
Lemma 1.2 ([12, p. 350]). Let E be a uniformly convex real Banach space, D a nonempty closed convex subset of E and T : D → D a nonexpansive mapping. If
holds if and only if x = q. 
Main results

Theorem 2.1. Let E be a real uniformly smooth Banach space, let D be a nonempty bounded closed convex subset of E, let T : D → D be an asymptotically pseudo-contractive mapping with a sequence {k
Proof. Since E is uniformly smooth, the normalized duality mapping J : E → E * is single-valued and uniformly continuous on any bounded subset of E. "Necessity". Let x n → q ∈ F (T ). Since D is a bounded set in E and {T n x n }, {T n y n }, {u n } and {v n } are sequences in D, they are therefore bounded. Besides since β n → 0, δ n → 0, we have
where N is the set of all nonnegative integers. Since y n → q, for any t ∈ (0, K] there exists n 0 ∈ N such that for any n ≥ n 0 y n − q < t.
This implies that for each
Since T : D → D is asymptotically pseudo-contractive, for given q ∈ F (T ) and for any y n , we have
By virtue of (2.2), we define a function
From (2.2) and property (b), we know that
Next we define a function
Hence φ : [0, ∞) → [0, ∞) is nondecreasing and φ(0) = 0. For any n ≥ 0, let t n = y n − q .
(1) If t n = 0, then y n = q, hence φ( y n − q ) = 0, and so
(2) If t n ∈ (0, K), then n ∈ G tn , and so
The necessity is proved.
"Sufficiency." From Lemma 1.1 and condition (2.1) we have
Now we consider the second term on the right side of (2.3). Since {T n y n − y n }, {x n − T n x n }, {x n − v n } and {u n − y n } all are bounded and
By the uniform continuity of J and the boundedness of {T n y n − q}, we know that
Substituting (2.4) and (2.1) into (2.3), we have
Next we make an estimation for y n − q 2 :
where
Substituting (2.6) into (2.5) and using M 2 = sup n≥0 x n − q 2 to simplify we have
Next we prove that σ = 0. Suppose the contrary; if σ > 0, then
Hence from (2.8) we have
Therefore for any m ≥ n 1 we have
Let m → ∞; by condition (iii) we have
This is a contradiction. By this contradiction, σ = 0. Therefore there exists a subsequence {y nj } ⊂ {y n } such that
i.e.,
From (2.9) we have
and so
By induction we can prove that
This implies that x n → q. This completes the proof of Theorem 2.1.
From Theorem 2.1 and Proposition 1.1 we can obtain the following theorem. 
Proof. Since T : D → D is a nonexpansive mapping, by Proposition 1.1, T is an asymptotically nonexpansive mapping with a constant sequence {1}, and so it is also an asymptotically pseudo-contractive mapping with the same constant sequence {1}. By Goebel and Kirk [5] , F (T ) = ∅. Therefore the sufficiency of Theorem 2.3 follows from Theorem 2.1 immediately.
Next we prove the necessity of Theorem 2.3. Since E is a uniformly smooth Banach space, the normalized duality mapping J : E → E * is single-valued. Let x n → q ∈ F (T ). Since {T n x n } and {v n } are bounded and β n → 0, δ n → 0, we know that
By the same way as given in proving the necessity of Theorem 2.1, let us define
In Theorem 2.1 we proved that g(t) is nondecreasing and g(t) ≥ 0 for all t ∈ (0, K). Next we prove that g(t) > 0 for all t ∈ (0, K). Suppose the contrary; there exists t 0 ∈ (0, K) such that g(t 0 ) = 0. Since G t0 is a finite set, there exists an n 0 ∈ G t0 such that
Since T : D → D is nonexpansive and q ∈ F (T ), hence T n0 : D → D is also nonexpansive and q ∈ F (T n0 ). By Lemma 1.2, it follows from (2.12) that y n0 = q, i.e., y n0 − q = 0. However, since n 0 ∈ G t0 , by the definition of G t0 , we have y n0 − q ≥ t 0 > 0. This is a contradiction. Therefore g(t) > 0 for all t ∈ (0, K). Now we define a function
is strictly increasing, φ(0) = 0. By the same way as given in the proof of Theorem 2.1, we can prove that φ satisfies condition (2.11) .
This completes the proof of Theorem 2.3. Proof. Taking β n = δ n = 0 for all n ≥ 0 in Theorem 2.1, we then have y n = x n for all n ≥ 0. Therefore the conclusion of Theorem 2.4 follows from Theorem 2.1 immediately.
Remark. Theorems 2.1-2.4 generalize the corresponding results in [3] - [7] , [9] .
